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Q ■ Abstract 

o . 

We propose a new method to quantize gauge theories formulated on a canonical 



noncommutative spacetime with fields and gauge transformations taken in the envelop- 
ing algebra. We show that the theory is renormalizable at one loop and compute the 
beta function and show that the spin dependent contribution to the anomalous mag- 
netic moment of the fermion at one loop has the same value as in the commutative 
quantum electrodynamics case. 

> 

X 



* xcalmet@ulb.ac.be 



Gauge theories formulated on a canonical noncommutative spacetime have recently re- 
ceived a lot of attention, see e.g. [1] for a review. A canonical noncommutative spacetime is 
defined by the noncommutative algebra 

\x^x v }=i9^ (1) 

where \i and v run from to 3 and where 9^ u is constant and antisymmetric. It has mass 
dimension minus two. Formulating Yang-Mills theories relevant to particle physics on such 
a spacetime requires to consider matter fields, gauge fields and gauge transformations in the 
enveloping algebra otherwise SU(N) gauge symmetries cannot be implemented. It has been 
pointed out that actions formulated on a canonical noncommutative spacetime are invariant 
under noncommutative Lorentz transformations [2] which preserve the algebra ([1]) and thus 
the minimal length implied by the relation ([I]). 

The enveloping algebra approach [3-6] allows to map a noncommutative action S on 
an effective action formulated on a regular commutative spacetime. The dimension four 
operators are the usual ones and the noncommutative nature of spacetime is encoded into 
higher order operators. In this paper we will be considering quantum electrodynamics on a 
noncommutative spacetime. The noncommutative action for a Dirac fermion coupled to a 
U(l) gauge field is given by 

f d 4 xV{x){tfl -m)4f{x)-j I ^xF llv {x)F' u '{x) (2) 

where the hat on the coordinate x indicates that the functions belong to the algebra of non- 
commutative functions and the hat over the functions that they are to be considered in the 
enveloping algebra. The procedure [3-6] to map actions such as ([2]) on an effective action 
formulated on a commutative spacetime requires one to first define a vector space isomor- 
phism that maps the algebra of noncommutative functions on the algebra of commutative 
functions. The price to pay for replacing the noncommutative argument of the function by 
a commutative one is the introduction of a star product: f(x)g(x) = f(x) * g(x). One then 
expands the fields in the enveloping algebra using the Seiberg-Witten maps [7] and obtains: 



m(x){ip -m)m(x)d A x = N)(ip - m)ipd 4 x (3) 

-\gj B^F^ip - m)^d 4 x -^gj e^^YF^D^x 
-- A j ' F^{x)F>»{x)d*x = -\J F^F^d A x (4) 



+ l - g j e^F^F^d^x - ^gJe^F^F up F^d A x, 



to first order in 6 IJ,V and where as usual F^ v = d^A u — d u A fl . 



The standard procedure to quantize this action is to use the expanded version (j3j) and 
decompose the classical degrees of freedom i.e. \l/ and A^ in terms of creation and annihilation 
operators, see e.g. [8,9]. One then finds that the theory is not renormalizable [10]. We propose 
a new approach to the quantization of noncommutative gauge theories. It should be stressed 
that this new approach is fundamentally different from the one traditionally followed. Our 
approach allows to perform consistent quantum calculations at least at the one loop level. 

We start as usual from the action (jSJ) which is invariant under U(l) gauge transformations 
and use the vector space isomorphism to replace the noncommutative arguments of the 
functions by commutative ones: 

i>{x){ip -m)^(x)d 4 x = / $f(x) * (ift - m)if(x)d' i x (5) 

-- A j F, v (x)F^(x)d A x = -- A j F, v (x)*F^(x)d A x 

i.e. we have not yet expanded the fields in the enveloping algebra. We then quantize the 
action (jSJ) using the fields in the enveloping algebra $?(x) and A^(x) which we decompose 
in terms of creation d^ and annihilation operators a which are themselves in the enveloping 
algebra. We impose the usual algebra for the hatted creation and annihilation operators: 

[o, a^] T = 1, [a, d] T = and [a , a?] T = 0, (6) 

where as usual the minus sign refers to a commutator for bosons and the plus sign to an 
anticommutator for fermions. Note that \l/(x) transforms as a spinor under noncommutative 
Lorentz transformations [2] and A^(x) as a vector under the same transformations. It thus 
makes sense to impose the relations ([6]). Furthermore asymptotically the fields \l/(x) and 
ty(x) are equivalent since the expansion in the enveloping algebra is an expansion in gO 11 ", one 
thus finds that in the limit g — ► one recovers the usual creation and annihilation operators 
as it should be for the physical states. We now procedure further with the quantization of 
the action (J3J). As in the Lie algebra case [11-13] we use the BRST quantization procedure 
and introduce the gauge fixing and Faddeev-Popov terms 

s GF = J d 4 x (-^<V M * d v A v + l - (ilndPbpC - id^b^tj} . (7) 

We thus recover the Feynman rules given in [11-13] for the enveloping algebra valued fields 
which are not yet the physical degrees of freedom on the commutative spacetime but which 
can be used to quantize the theory. The Feynman rules are: 

i>{p I )A^{p F ) - ig^eM'P'j^Pp) (8) 

>V)>V)>V) -► -2gsm(±pl6^pl) (9) 



i^p 1 )^ 2 ^ 2 )^ 3 ^ 3 )^ 4 ^ 4 ) -»• -4ig 2 [(g^Mg^-g^g»W) (10) 

sin(^r^)sin(^ 3 r^J) 

+ ( g ^ g wz _ g i*ii»gi*3iM) sm(-pl9^pl) smi-ple^pfy 

+(9 W2 / 3W - S^^gr^) sin(^^Vj sin(^ 2 r^ 3 )] 
c(/)>c(p F ) - ^^sin(^r%). (11) 

It turns out that the theory at least at one loop is renormalizable [12, 13]. Using the results 
of [12, 13] it is straightforward to obtain the f3 function which is given by 

l„dg (22 4\ g 2 

where the contribution 22/3 is due to the structure of the gauge interaction which is similar 
to that of the nonabelian SU(2) Yang-Mills theory [9] and the factor 4/3 [12, 13] is due to 
the fermion field ip. Using the results of [12,13] and [14] it is easy to obtain the renormalized 
vertex for the fermion-gauge field vertex \l/ * A^V 1 * \l/: 

T» = E,Y + #i(p' + PT ~ G x Q^q v - E 2l »p a e a % - H 3 (p' + p)"7«0°% (13) 

where q^ = (p' — p)^ and the functions E\, H\, G\, £2 and H3 were calculated in [14] , we 
give them in the appendix. 

One can then perform the second map and expand the fields in the enveloping algebra 
using the Seiberg-Witten maps which are now at the quantum level and obtain the action 
to first order in 9^ v 



y(x)(ip-m)^(x)d A x = I tp(ip - m)^d A x (14) 

1 f ..... v_ ,.- , , ., 1 



--g J e^F^(ip - m)i,d A x --gf O^^fF^iD^x 



-JF^F^ix^x = -\ 



F^(x)F^{x)d 4 x = -- / F^F^d 4 x (15) 



+ \ g J FPFepF^F^tfx -\gj 9^F^F vp F^d A x, 



where the coupling constant, the mass and the fields are now renormalized. The renormalized 
fields ip and A^ are the physical degrees of freedom. The renormalized vertex ipT ^A^ip is 
given by: 

r" = Ea" + #i(p' + Pf - G 1 9^q u - E^pJ^qp - H 3 (p' + p)"7«0°V (16) 



The functions E\, Hi, Gi, Ei and H3 are given in the appendix. It is easy to see that the 
form factors i ?1 (0) and F 2 (0) have the usual QED values. 

This approach to the quantization of noncommutative gauge theories allows one to make 
consistent quantum calculations at least at the one loop level in the enveloping algebra 
approach. It implies that only the operators generated via the Seiberg-Witten maps are 
compatible with the noncommutative gauge invariance and that further operators discussed 
in the literature were artifacts of the quantization and regularization procedures. The bounds 
on spacetime noncommutativity are thus only of the order of a few TeV [15] and it remains 
important to try to improve these bounds. 

Physical observables can be calculated at the quantum level independently of a cutoff. 
For example one finds using the result of [12-14] that the anomalous magnetic moment of a 
fermion has the usual quantum electrodynamics value. More precisely the noncommutative 
contribution is spin independent and will thus not contribute to the anomalous magnetic 
moment [16] when measured with classical methods. Once we expand the action in 0, we 
see that the leading order contribution to the magnetic moment of the fermion is given by 



e 

m 



F\0) + F 2 (0)) S+ ^^m 2 e 
' 6n 



;i7) 



i.e. the spin dependent part of the magnetic moment is the usual QED value. One finds also 
a contribution to the electric dipole moment 

1 / 3 \ 

-e(0 x p) M + -cnwJ (18) 

which is purely a noncommutative effect. The form factors are the usual ones and are defined 
in the appendix. 

The value of the /3-function is an issue from a phenomenological point of view as it does 
not match that of quantum electrodynamics on a commutative spacetime. However, it is 
probable that the noncommutative parameter Q^ v is not a simple constant but is spacetime or 
energy dependent as studied in [17]. The assumption that 9^ u is scale dependent is not that 
far-fetched, indeed if it is the expectation value of a background field, as e.g. in the string 
theory picture [7], one would expect a scale dependence of the renormalized expectation 
value. It is also clear that the UV/IR mixing [18] will also appear in the enveloping algebra 
approach and although this approach allows to implement any gauge symmetry, it does not 
improve the issues linked to the energy behavior of the theory. Furthermore UV/IR mixing is 
expected to jeopardize the renormalizability of the theory at higher loops, but this remains 
to be verified. Finally we want to stress that although we have applied our approach to 
a noncommutative U(l) theory only, it can be easily extended to any gauge group. We 
emphasize that our approach is fundamentally different from that developed in e.g. [8-10]. 
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Our method is fully in the spirit of the enveloping algebra approach where the full theory, 
in our case the quantized theory, is mapped on a commutative spacetime to identify the 
physical degrees of freedom. One of the main differences is that when quantized our way, 
the action is renormalizable, which is not the case in [8-10] where any observable is cutoff 
dependent. 



Appendix 



In this appendix we reproduce the functions Ei, Hi, G\, E 2 and H 3 which were calculated 
in [14]: 



Ei 



-a 



TV JO 



daida 2 da 3 S ( 1 — ^2i a i) x y- ~ e 



J(a2+ot3)p-q -ipxp' 



X 



X 



+ 



(2p' -p- (a 2 + a 3 )(p' + p) 2 )+m 2 (a 2 + a 3 ) 2 - a 2 a 3 g 2 
2(aim 2 + (a 2 + a 3 ) 2 m 2 - a 2 a 3 q 2 ) 
(a 2 + a 3 ) {jp' + p) 2 - 3m 2 - m 2 (a 2 + a 3 ) 2 + a 2 a 3 q 2 



OWler 



(a 2 +a 3 )p-q 



m 2 (a 1 —a 2 — a 3 ) + m 2 (a 2 + a 3 ) + m 2 (a 2 + a 3 ) 2 - a 2 a 3 q 2 



(19) 



J(a2+d3)p-g 



Hi = / daida 2 da 3 5 ( 1 — y\ 

7T JO \ ^ 

j mai(a 2 + a 3 )e l 

\ aim 2 + (a 2 + a 3 ) 2 m 2 - a 2 a 3 q 2 

mai(a 2 + a 3 ) (l - e i^2+^) P -q e ~ipx P ^ 



+ 



m 2 (ai — a 2 — a 3 ) + m 2 (a 2 + a 3 ) + m 2 (a 2 + a 3 ) 2 - a 2 a 3 q 2 



(20) 



G\ = ^7 Eulcr / daida 2 da 3 5 ( 1 — V^ ( 

ix Jo v 

x ((1 + a 2 + a 3 )e- i{a2+a3)M - (2 - a 2 - a 3 )e l{a2+as)p ^e- ipxp ') 



(21) 



E 2 = «7 E uicr / daida 2 da 3 5 (l - V\ 

TT Jo v 

x (l - e - ipxp ') (2 - a 2 - a 3 )e~ i{a2+a3)M , 



(22) 



H» 



-Oi Z^Eulcr 



71 2 JO 

x ((2 -a 2 - a 3 )e- i(Q2+aa)p - g ~ 



daida 2 da 3 S (l — ^2 ai ) x 

+ (1 + a 2 + a 3 )e 



i(a 2 +a 3 )p-q e ~ipxp' 



(23) 
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where we have used the following notation p ■ q — p^^q^, p x p' = p^O^p',,, q fL = 6 up "q u 
and where m 7 is a small photon mass that takes care of the IR divergences. Note that the 
exponential corresponding to the star product is not included into these functions since we 
calculate the renormalized vertex ^ * T^A^ * \l> and we still have to expand the star product 
and the fields in the enveloping algebra to obtain the physical degrees of freedom. 

As shown in [14] , the leading order non-relativistic limits of these functions are given by: 



FM 2 



-a 



71 Jo 



da\da 2 da 3 5 ( 1 — ^J &i 



x 



(24) 



2m 2 (l - ot 2 - a 3 ) - q 2 (l - a 2 - a 3 ) - m 2 (a 2 + a 3 ) 2 - a 2 a 3 q 2 
2(aim 2 + (a 2 + a 3 ) 2 m 2 - a 2 a 3 q 2 ) 



' ^Euler 



01 rl , 

F 2 (q 2 ) = — daida 2 da 3 5 (1 ~y^ at 
n Jo v 



m 2 a 1 (a 2 + a 3 ) 



aim 2 + (a 2 + a 3 ) 2 m 2 - a 2 a 3 q 2 



(25) 



Gi 



a trwy-f. 



ix 6 



(26) 



E- } 



(27) 



H* 



-a 3r)W 

TX 4 



The form factors F\(q 2 ) and F 2 (q 2 ) are respectively the coefficients of 7 M and — — — 
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